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§3.1 È©�½Â

f 'uµ �È©:

�(f)�\�(µ)¦Ú, ½��\�²þ(VÇ�m).

;.�{:

«5¼êÑ �K{ü¼êÑ �K�ÿ¼êÑ �ÿ¼ê.
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�K{ü¼ê�È©

X ��ÿy©/©�: tAiu, i “ 1, ¨ ¨ ¨ , n ½i “ 1, 2, ¨ ¨ ¨ ÷v

µpAi XAjq “ 0, @i ‰ j � µ

˜

`

ď

i

Ai
˘c

¸

“ 0.

�K{ü¼ê: tAi : i “ 1, ¨ ¨ ¨ , nu �X �y©, ai ě 0, @i,

f “
n
ÿ

i“1

aiIAi .

f �È©
ż

X
fdµ :“

n
ÿ

i“1

aiµpAiq.

û½: e�kf “
řm
j“1 bjIBj , K

n
ÿ

i“1

m
ÿ

j“1

aiµpAi XBjq “
n
ÿ

i“1

m
ÿ

j“1

bjµpAi XBjq.
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·K (·K3.1.1)

(1)
ş

X IAdµ “ µpAq, @A P F ;

(2)
ş

X fdµ ě 0;

(3)
ş

Xpafqdµ “ a
ş

X fdµ, @a ě 0;

(4)
ş

Xpf ` gqdµ “
ş

X fdµ`
ş

X gdµ;

(5) f ě g, K
ş

X fdµ ě
ş

X gdµ;

(4), (5): tAi XBj : i ď n, j ď mu �y©, 3Ai XBj þ,

f ` g “ ai ` bj , f “ ai, g “ bj .
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·K (·K3.1.1(Y))

(6) fn Ò � lim
nÑ8

fn ě g§K lim
nÑ8

ş

X fndµ ě
ş

X gdµ.

(6) @α P p0, 1q, Anpαq :“ tfn ě αgu Ò X. K

fnIAnpαq ě αgIAnpαq.

Pg “
řm
j“1 bjIBj . K

ż

X
fndµ ě

ż

X
fnIAnpαqdµ ě α

ż

X
gIAnpαqdµ

“α
m
ÿ

j“1

bjµpBj XAnpαqq Ò α

ż

X
gdµ.

-αÑ 1 =�.
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�K�ÿ¼ê�È©

b�f �K�ÿ. K,

D �K{ü� f1, f2, ¨ ¨ ¨ ¦� fn Ò f.

f �È©½Â�:

ż

X
fdµ :“ sup

"
ż

X
gdµ : g �K{ü� g ď f

*

.

È©�5�:

·K (·K3.1.2)

(1) ef �K{ü, Kü�½Â��.
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·K (·K3.1.2(Y))

(2) etfnu �K{ü�fn Ò f , KlimnÑ8

ş

X fndµ “
ş

X fdµ.

(3) ‹ “ lim
nÑ8

”

řn2n´1
k“0

k
2nµpt

k
2n ď f ă k`1

2n uq ` nµptf ě nuq
ı

;

(2) /ď0: d½Â,
ş

X fndµ ď
ş

X fdµ.

/ě0: fn Ò f ě g, �limnÑ8

ş

X fndµ ě
ş

X gdµ.

(3) �fn “
řn2n´1
k“0

k
2n It k

2n
ďfă k`1

2n
u
` nItfěnu =�.

p3q1 �Xe�fn ½�.

fn “
n2n´1
ÿ

k“1

k

2n
I
t k
2n
ăfď k`1

2n
u
` nItfąnu.

5:
ş

X fdµ ��þ��6uµ|σpfq: ef P G Ď F , K

f 3pX,G , µ|G q, pX,F , µq þ�È©��.
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·K (·K3.1.2(Y))

(4)
ş

X fdµ ě 0;

(5)
ş

Xpafqdµ “ a
ş

X fdµ;

(6)
ş

Xpf ` gqdµ “
ş

X fdµ`
ş

X gdµ;

(7) ef ě g, K
ş

X f dµ ě
ş

X gdµ.

(4)
ş

X fdµ ě
ş

X gdµ, @g �K{ü�ď f .

(5)
ş

Xpafnqdµ “ a
ş

X fndµ, @fn �K{ü�Ò f .

(6)
ş

Xpfn ` gnqdµ “
ş

X fndµ`
ş

X gndµ,

@fn �K{ü�Ò f , gn �K{ü�Ò g.

(7) d½ÂB�.
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�ÿ¼ê�È©

½Â3.1.1.

e

mint

ż

X
f`dµ,

ż

X
f´dµu ă 8,

K¡f �È©�3½È©k¿Â.

e

maxt

ż

X
f`dµ,

ż

X
f´dµu ă 8,

K¡f �È.

þãü«�¹e, òf �È©½È©�½Â�
ż

X
fdµ :“

ż

X
f`dµ´

ż

X
f´dµ.

5: �«PÒ,
ş

X fdµ “
ş

X fpxqdµpxq “
ş

X fpxqµpdxq.
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@A P F , pA,FA, µAq �ÿÝ�m.

FA “ tAB : B P F u, µA “ µ|FA
.

f 3A P F þ�È©½Â�

ż

A
fdµ :“

ż

A
f |AdµA “

ż

X
fIAdµ.
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~. L-S È©. pR,BR, λF q, Ù¥F �O©Ù¼ê,

ż

R
gdF “

ż

R
gpxqdF pxq “

ż

R
gpxqF pdxq :“

ż

R
gdλF .

AO/, L È©, F pxq “ x, @x P R. λ: L ÿÝ,

ż

R
gpxqdx :“

ż

R
gdλ,

ż

A
gpxqdx :“

ż

R
gpxqIApxqdx.
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~. lÑ.. X “ tx1, x2, ¨ ¨ ¨ u, µptxiuq “ ai, @i.

ż

X
fdµ “

8
ÿ

i“1

fpxiqai,

È©�3/k¿Âiff ?êk¿Â, �Èiff ?êýéÂñ.
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½n (½n3.1.3)

(1) ef �È©�3, K
ˇ

ˇ

ş

X fdµ
ˇ

ˇ ď
ş

X |f |dµ;

(2) f �È��=�|f | �È;

(3) ef �È, K|f | ă 8 a.e..

(1) |f | ě f`, f´, �

´

ż

X
f´dµ ď

ż

X
f`dµ´

ż

X
f´dµ ď

ż

X
f`dµ.

(2) ð: d‹ �. ñ: |f | “ f` ` f´.

(3) Ø��f ě 0. f ě fItf“8u, �

ż

X
fdµ ě

ż

X
fItf“8udµ ě nˆ µpf “ 8q, @n.
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½n (½n3.1.4)

(1) ef È©�3, K
ş

A fdµ “ 0, @ "ÿ8A;

(2) ef, g È©�3�f ě g a.e., K
ş

X fdµ ě
ş

X gdµ;

(3) ef “ g a.e., KÈ©Ó��3/Ø�3, �
ş

X fdµ “
ş

X gdµ.

(1) f “
řn
i“1 aiIAi �K{ü Ñ �K�ÿÑ ���ÿ.

fIA “
řn
i“1 aiIAiA ` 0IAc ñ

ş

X fIAdµ “
řn
i“1 aiµpAiAq “ 0.

(2) �f, g ě 0. PA “ tf ă gu, KµpAq “ 0. �
ş

X fdµ “
ş

X fIAdµ`
ş

X fIAcdµ ě
ş

X gIAcdµ “
ş

X gdµ.

f ě g a.e. ñ f` ě g` a.e. �f´ ď g´ a.e..

(3) f˘ “ g˘ a.e..

5: f a.e. ½Â, òÿ�f̃ ,
ş

X fdµ :“
ş

X f̃dµ.
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íØ (íØ3.1.5)

ef “ 0 a.e., K
ş

X fdµ “ 0;

��, ef ě 0 a.e. �
ş

X fdµ “ 0, Kf “ 0 a.e..

ş

X fdµ “
ş

X 0dµ “ 0.

��, @n ě 1, f ě fItfě 1
n
u.

ż

X
fdµ ě

ż

X
fItfě 1

n
udµ ě

ż

X

1

n
Itfě 1

n
udµ “

1

n
µpf ě

1

n
q.

µpf ě 1
nq “ 0, @n. �, µpf ą 0q “ 0.
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§3.2 È©�5�

½n (½n3.2.1, �5)

�f, g �È©�3.

(1) @a P R, af �È©�3�
ş

Xpafqdµ “ a
ş

X fdµ;

(2) e
ş

X fdµ`
ş

X gdµ k¿Â, Kf ` g a.e.k¿Â, È©�3�

ż

X
pf ` gqdµ “

ż

X
fdµ`

ż

X
gdµ.

(1) ea “ 0 Kaf “ 0, �X.

ea ą 0, Kpafq` “ af`, pafq´ “ af´, �X.

ea ă 0, Kpafq` “ p´aqp´fq` “ p´aqf´,

pafq´ “ p´aqp´fq´ “ p´aqf`, �X.
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½n (½n3.2.1, �5)

�f, g �È©�3.

(2) e
ş

X fdµ`
ş

X gdµ k¿Â, Kf ` g a.e.k¿Â, ¨ ¨ ¨ ¨ ¨ ¨

(2.a)  yf ` g a.e.k¿Â.

e|f | ă 8, a.e., KX.

eµpf “ 8q ą 0, K
ş

X fdµ “ 8.

u´
ş

X gdµ ‰ ´8, �µpg “ ´8q “ 0.

�, µpf “ 8, g “ ´8q “ 0, Ón, µpf “ ´8, g “ 8q “ 0.
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½n (½n3.2.1, �5)

(2) �f, g �È©�3. e
ş

X fdµ`
ş

X gdµ k¿Â, Kf ` g a.e.

k¿Â(X), È©�3�
ş

Xpf ` gqdµ “
ş

X fdµ`
ş

X gdµ.

(2.b)  yÈ©�3�
ş

Xpf ` gqdµ “
ş

X fdµ`
ş

X gdµ.

©Û: �z��K�ÿ¼ê.

f ` g “ pf` ´ f´q ` pg` ´ g´q “ pf` ` g`q ´ pf´ ` g´q.

P ϕ “ f` ` g`, ψ “ f´ ` g´. 8I:
ż

X
pf ` gqdµ “

ż

X
pϕ´ ψqdµ “

ż

X
ϕdµ´

ż

X
ψdµ.

(i) ØÑy8´8;

(ii) eϕ,ψ ě 0 �(i) ¤á, K
ż

X
pϕ´ ψqdµ “

ż

X
ϕdµ´

ż

X
ψdµ.
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 y(i): ØÑy8´8.

ϕ “ f` ` g`, ψ “ f´ ` g´.

e
ş

X ϕdµ ă 8, Kϕ ă 8 a.e., X.

e
ş

X ϕdµ “ 8, =
ş

X f
`dµ “ 8 ½

ş

X g
`dµ “ 8. dÈ©Ñ

�3�
ş

X fdµ`
ş

X gdµ k¿Â�
ş

X f
´dµ,

ş

X g
´dµ ă 8.

l, X:

f´, g´, ψ ă 8 a.e. �

ż

X
ψdµ ă 8.

o(:

ϕ´ ψ a.e. k¿Â�

ż

X
ϕdµ´

ż

X
ψdµ k¿Â.
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 y(ii): eϕ,ψ ě 0 �ØÑy8´8, K

ż

X
pϕ´ ψqdµ “

ż

X
ϕdµ´

ż

X
ψdµ.

ϕ´ ψ È©�3: pϕ´ ψq` ď ϕ, pϕ´ ψq´ “ pψ ´ ϕq` ď ψ.

maxtϕ,ψu “ ψ ` pϕ´ ψq` “ ϕ` pψ ´ ϕq`. �

ż

X
ψdµ`

ż

X
pϕ´ ψq`dµ “

ż

X
ϕdµ`

ż

X
pϕ´ ψq´dµ.

e
ş

X ψdµ ă 8, K
ş

X pϕ´ ψq
´dµ ă 8, ��£�=�.

e
ş

X ψdµ “ 8, K
ş

X ϕdµ ă 8. u´
ş

Xpϕ´ ψq
`dµ ă 8.

£Sýü�2�Ò=�.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE



 

½n (½n3.2.2)

�f, g �È.

(1) e
ş

A fdµ ě
ş

A gdµ, @A P F , Kf ě g a.e.;

(2) e
ş

A fdµ “
ş

A gdµ, @A P F , Kf “ g a.e..

(1) �B “ tf ă gu. Kpg ´ fqIB ě 0, �
ż

B
pg ´ fqdµ “

ż

B
pg ´ fqIBdµ ě 0.

q
ş

Bpg ´ fqdµ “
ş

B gdµ´
ş

B fdµ ď 0.

nþ,
ş

Xpg ´ fqIBdµ “ 0. q‹, �pg ´ fqIB “ 0 a.e.. l

µpBq “ µ
`

pg ´ fqIB ą 0
˘

“ 0 ñ g ď f a.e..

(2) f ě g a.e. �g ě f a.e., �f “ g a.e..
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½n (½n3.2.3, È©�ýéëY5)

ef �È, K@ε ą 0, Dδ ą 0 ¦�@A P F ,

µpAq ă δ ñ

ż

A
|f |dµ ă ε.

��K{ü�gn Ò |f |.

@ε ą 0, DN ¦�
ż

X
p|f | ´ gN qdµ “

ż

X
|f |dµ´

ż

X
gNdµ ă

ε

2
.

ñ

ż

A
p|f | ´ gN qdµ “

ż

X
p|f | ´ gN qIAdµ ă

ε

2
, @A P F .

-M “ max
xPX

gN pxq. �δ “
ε

2M , K

ż

A
|f |dµ ă

ε

2
`

ż

A
gNdµ “

ε

2
`MµpAq ă ε.
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½n (½n3.2.4, üNÂñ½n, Levi½n)

�tfn, n “ 1, 2, ¨ ¨ ¨ u, f þ�K�ÿ. efn Ò f a.e., K
ż

X
fn dµ Ò

ż

X
f dµ.

Ø��(�KÚ��"ÿ8�) 0 ď fnpxq Ò fpxq, @x.

��K{üfn,k Ò fn.

-gk “ max
1ďnďk

fn,k. gk �K{ü, �gk Ò g:

gk ď max
1ďnďk

fn,k`1 ď max
1ďnďk`1

fn,k`1 “ gk`1.

gk ď max
1ďnďk

fn “ fk ñ g ď f .

gk ě fn,k, @k ě n. �g ě fn, @nñ g ě f . �g “ f .
ş

X gkdµ Ò
ş

X gdµ “
ş

X fdµ.
ş

X gndµ ď
ş

X fndµ ď
ş

X gdµ, �
ş

X fndµ Ò
ş

X fdµ..
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íØ (íØ3.2.5)

ef �È©�3, K

ż

X
fdµ “

8
ÿ

n“1

ż

An

fdµ, @ �ÿy©tAn, n “ 1, 2, ¨ ¨ ¨ u.

y: fn :“ f`IA1`¨¨¨`An Ò f
`, gn :“ f´IA1`¨¨¨`An Ò f

´.
ş

X fndµ Ò
ş

X f
`dµ,

ş

X gndµ Ò
ş

X f
´dµ.

u´,

n
ÿ

k“1

ż

Ak

fdµ “

ż

X
fndµ´

ż

X
gndµÑ

ż

X
fdµ.
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½n (½n3.2.6, FatouÚn)

etfn, n “ 1, 2, ¨ ¨ ¨ u a.e. �K�ÿ, K
ż

X
lim inf
nÑ8

fndµ ď lim inf
nÑ8

ż

X
fndµ.

gk :“ inf
něk

fn Ò g :“ lim inf
nÑ8

fn.
ş

X gkdµ Ò
ş

X gdµ.

gk ď fk ñ
ş

X gkdµ ď
ş

X fkdµ.

�,
ż

X
gdµ ď lim inf

kÑ8

ż

X
fkdµ.
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íØ3.2.7. eD�È�g ¦�fn ě g, Klim inf

nÑ8
fn È©�3�

ż

X
lim inf
nÑ8

fn dµ ď lim inf
nÑ8

ż

X
fn dµ.

eD�È�g ¦�fn ď g, Klim sup
nÑ8

fn È©�3�

ż

X
lim sup
nÑ8

fn dµ ě lim sup
nÑ8

ż

X
fn dµ.

�Äfn ´ g ½g ´ fn =�.
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½n (½n3.2.8, Lebesgue��Âñ½n)

b�fn
a.e.
Ñ f ½fn

µ
Ñ f .

e�3�K�È�g ¦�|fn| ď g, @n ě 1, K

lim
nÑ8

ż

X
fn dµ “

ż

X
f dµ.

�‹‹. fn ě ´g, @n, �
ş

X fdµ “
ş

X lim
nÑ8

fndµ ď lim inf
nÑ8

ş

X fndµ.

fn ď g, @n, �
ş

X fdµ “
ş

X lim
nÑ8

fndµ ě lim sup
nÑ8

ş

X fndµ.

�‹‹. @ f�tnku, D Ùf�tn
1u ¦�fn1

a.u.
Ñ f , l

fn1
a.e.
Ñ f , �

ş

X fn1dµÑ
ş

X fdµ. Ïd
ş

X fndµÑ
ş

X fdµ.
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 íØ (íØ3.2.9, (Lebesgue)k.Âñ½n)

�µ ´k��ÿÝ, fn
a.e.
Ñ f ½fn

µ
Ñ f . eD ~êM ¦

�|fn| ďM , @n ě 1, K

lim
nÑ8

ż

X
fndµ “

ż

X
fdµ.

�g ”M . �È:
ş

X |g|dµ “MµpXq ă 8.

5: d�, ‹‹ ñ ‹‹. �µpXq ą 0, KP p¨q :“ µp¨q
µpXq �VÇ.

‹‹ =�fn
a.s.
Ñ f , ‹‹ =�fn

P
Ñ f .
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½n (½n3.2.10, È©C�úª)

�g : pX,F , µq Ñ pY,S q. é?¿pY,S q �ÿ�f , e�ª
ż

Y
fdµ ˝ g´1 “

ż

X
f ˝ gdµ

��àk¿Â, K,�à�k¿Â, ��ª¤á.

5: ν “ µ ˝ g´1 : B ÞÑ µpg´1Bq.

;.�{: f ��K{ü Ñ �K�ÿÑ ���ÿ.

ef “
řn
i“1 aiIAi , Kf ˝ g “

řn
i“1 aiIg´1Ai

LHS “
n
ÿ

i“1

ai νpAiq, RHS “
n
ÿ

i“1

ai µpg
´1Aiq.
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~. �ÅCþ9Ù¼ê�Ï".

�pΩ,F , P q ´VÇ�m. ξ ´�ÅCþ(r.v.).

½Â3.4.1. e
ş

Ω ξdP �3, K¡Ù�ξ �(êÆ)Ï", P

�Epξq ½Eξ.

È©�3 iff Ï"�3; �È iff Ï"k�.

½n3.4.1 (r.v.�¼ê�Ï"). ef ´pR,BRq þ��ÿ¼

ê, Kfpξq ´pΩ,F q þ��ÿ¼ê, �

Efpξq “

ż

R
fdFξ.
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§3.3 �mLppX,F , µq

pX,F , µq ´ÿÝ�m.

�f, g, ¨ ¨ ¨ ´pX,F q þ��ÿ¼ê.
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1 ď p ď 8

�1 ď p ă 8. -

}f}p :“
´

ż

X
|f |pdµ

¯
1
p
, Lp :“ tf : }f}p ă 8u .

�«PÒ

Lppµq, LppF q, LppX,F , µq.

f P L1 iff f �È. }f}1 “: }f}.

f P Lp ô fp P L1 ñ f k�a.e..

�5�m: f P Lp, a P Rñ af P Lp X;

f, g P Lp ñ f ` g P Lp?
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Ún (Ún3.3.1)

�1 ď p ă 8. -Cp “ 2p´1, K

|a` b|p ď Cpp|a|
p ` |b|pq, @a, b P R.

Ø��a, b ą 0, p ą 1, ÄKw,.

Px “ a
a`b . �Iy

fpxq :“ Cp px
p ` p1´ xqpq ě 1, @x P p0, 1q.

f 1pxq “ Cpp
`

xp´1 ´ p1´ xqp´1
˘

, �fpxq ě f
`

1
2

˘

.

�Cp :“ 2p´1 �, fp1
2q “ 1.

5: Ïd, Lp ´�5�m.
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Ún (Ún3.3.2)

�1 ă p, q ă 8 �1
p `

1
q “ 1. Keª¤á, �Ò¤áiff a “ b.

a
1
p b

1
q ď

a

p
`
b

q
, @a, b ě 0.

5: ¡q “ p
p´1 �p ��Ýê, ½p, q �(�é)�Ýê.

Ø��a, b ą 0, ÄKw,. ü>Ø±b, KØ�ª�du

´a

b

¯
1
p
ď

1

p
¨
a

b
`

1

q
, @a, b ą 0 ñ xα ď αx` p1´ αq, @x ą 0.

0 ă α ă 1. -fpxq :“ αx` 1´ α´ xα, K

f 1pxq “ α´ αxα´1 “ αp1´
1

x1´α
q

ñfpxq ą fp1q “ 0, @x ą 0, x ‰ 1.
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½n (½n3.3.3, HolderØ�ª)

�1 ă p, q ă 8 �1
p `

1
q “ 1. K

}fg} ď }f}p}g}q, @f P Lp, g�ÿ.

Ø��}f}p ą 0, 0 ă }g}q ă 8, ÄKw,. �

a “

ˆ

|f |

}f}p

˙p

“
|f |p

ş

X |f |
pdµ

, b “

ˆ

|g|

}g}q

˙q

“
|g|q

ş

X |g|
qdµ

.

a
1
p b

1
q ď a

p `
b
q , =

|fg|

}f}p}g}q
ď

1

p
¨ ‹ `

1

q
¨ ‹ ñ

ż

X
‹dµ ď 1.

�f P Lp, g P Lq �, �Ò¤á��=�a “ b, =

♠: �3Ø��0 �α, β ě 0 ¦�α|f |p “ β|g|q a.e..
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½n (½n3.3.4, MinkowskiØ�ª)

�1 ď p ă 8. K

}f ` g}p ď }f}p ` }g}p, @f, g P Lp.

�Ò¤á�¿�^�: (1) p “ 1: fg ě 0; (2) p ą 1:

♠̃: �3Ø��0 �α, β ě 0 ¦�αf “ βg a.e..

�p “ 1. |f ` g| ď |f | ` |g|, �Ò¤á��=�fg ě 0.

�p ą 1, Pq “ p
p´1 .

|f ` g|p ď |f | ¨ |f ` g|p´1 ` |g| ¨ |f ` g|p´1

ñ}f ` g}pp ď p}f}p ` }g}qq }|f ` g|
p´1}q.

}|f ` g|p´1}q “
`ş

X |f ` g|
pdµ

˘
1
q “ }f ` g}

p¨ 1
q

p .
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�X ��5�m. e} ¨ } : XÑ R ÷v:

(1) �K5: }~x} ě 0, �Ò¤á��=�~x “ ~0;

(2) }a~x} “ |a|}~x}, @a P R, @~x P X;

(3) n�Ø�ª: }~x` ~y} ď }~x} ` }~y}, @~x, ~y P X,

K¡} ¨ ¨ ¨ } �X þ��ê, ¡pX, } ¨ }q ��5D��m.

�
÷v‹‹, I�Ä

�d'Xf
µ
„ g: f “ g, µ-a.e..

�1 ď p ă 8, KpLp{
µ
„, } ¨ }pq ��5D��m.

5: Àµ-a.e. ���¼ê�Ó���, òLp{
µ
„ EP�Lp.
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p “ 8:

}f}8 :“ infta P R : µp|f | ą aq “ 0u, L8 :“ tf : }f}8 ă 8u.

½n (½n3.3.5, HolderØ�ª, MinkowskiØ�ª)

}fg} ď }f} ¨ }g}8, @f P L1, g P L8,

}f ` g}8 ď }f}8 ` }g}8.

y:
ş

X |fg|dµ ď
ş

X |f | ¨ }g}8dµ “ }f} ¨ }g}8.

|fpxq ` gpxq| ď |fpxq| ` |gpxq| ď }f}8 ` }g}8, a.e..

5: pL8, } ¨ }8q ��5D��m.

�5�m¥��ê} ¨ } �p�ål ρp¨, ¨q:

ρpf, gq :“ }f ´ g}.
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½n (½n3.3.8, ��5)

�1 ď p ď 8. etfnu Ď Lp ÷v lim
n,mÑ8

}fn ´ fm}p “ 0,

KDf P Lp ¦� lim
nÑ8

}fn ´ f}p “ 0.

5: pLp, } ¨ }pq ¥�Cauchy �Âñ.

�n1 ă n2 ă ¨ ¨ ¨ ¦�

}fm ´ fn}p ă
1

2k
, @n,m ě nk.

g :“Ò lim
kÑ8

gk, Ù¥

gk :“ |fn1 | `

k
ÿ

i“1

|fni`1 ´ fni | P Lp, �gk ě 0.
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g “ |fn1 | `

ř8
i“1 |fni`1 ´ fni |. g P Lp:

}gk}p ď }fn1}p `

k
ÿ

i“1

}fni`1 ´ fni}p ď }fn1}p ` 1,

ñ}g}p “Ò lim
kÑ8

}gk}p ď }fn1}p ` 1, p1 ď p ď 8.q

|g| ă 8 a.e., =, fn1 `
ř8
i“1pfni`1 ´ fniq a.e. ýéÂñ, �

f :“ lim
kÑ8

fnk
a.e. �3� |f | ď g ñ f P Lp.
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}fn ´ f}p Ñ 0: p “ 8 �,

}fn ´ f}8 ď }fn ´ fnk
}8 ` }fnk

´ f}8,

Ù¥, |fnk
pxq ´ fpxq| ď

8
ÿ

i“k`1

|fni`1pxq ´ fnipxq|

ñ }fnk
´ f}8 ď

8
ÿ

i“k`1

}fni`1 ´ fni}8
kÑ8
ÝÑ 0.

}fn ´ f}p Ñ 0: 1 ď p ă 8 �,

}fn ´ f}
p
p “

ż

X
|fn ´ f |

pdµ “

ż

X
lim
kÑ8

|fn ´ fnk
|pdµ

ď lim inf
kÑ8

ż

X
|fn ´ fnk

|pdµ ď ε.
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�1 ď p ď 8. K

pLp, } ¨ }pq ´Banach �m(����5D��m).

SÈ��ê. 4z�ª:

}~x}2 “ x~x, ~xy, x~x, ~yy “
1

4

`

}~x` ~y}2 ´ }~x´ ~y}2
˘

.

SKn!15. �p “ 2. KXe½Â�x¨, ¨y �SÈ.

xf, gy :“

ż

X
fgdµ.

�p “ 2.

pL2, x¨, ¨yq ´Hilbert �m(���SÈ�m).
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0 ă p ă 1

�0 ă p ă 1. -

}f}p :“

ż

X
|f |pdµ, Lp :“ tf : }f}p ă 8u.

Ún3.3.6. �0 ă p ă 1. -Cp “ 1, K

|a` b|p ď Cpp|a|
p ` |b|pq, @a, b P R.

y: fpxq :“ Cppx
p ` p1´ xqpq ě 1, @x P p0, 1q.

f 1pxq “ Cppp
1

x1´p
´

1

p1´ xq1´p
q ñ f k Ò � Ó .

�, fpxq ě fp0q “ fp1q “ Cp. �Cp “ 1 =�.

5: Ïd, Lp ´�5�m.
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½n3.3.7 (MinkowskiØ�ª). �0 ă p ă 1, K

}f ` g}p ď }f}p ` }g}p.

ρp¨, ¨q E´ål, �d�, } ¨ }p Ø´�ê:

ρpf, gq :“ }f ´ g}p, }af}p “ |a|
p ¨ }f}p.

½n3.3.8. �0 ă p ă 1, KpLp, } ¨ }q ´���ål�m.
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fn
Lp
Ñ f

�0 ă p ď 8. �f, f1, f2, ¨ ¨ ¨ P Lp.

e}fn ´ f}p Ñ8, KPfn
Lp
Ñ f .

e0 ă p ă 8, K¡fn
Lp
Ñ f �tfnu (p �) ²þÂñ�f .

ep “ 8, Kfn
L8
Ñ f �dutfnu A�??��Âñ�f .
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½n (½n3.3.9)

�0 ă p ă 8, f, f1, f2, ¨ ¨ ¨ P Lp.

(1) efn
Lp
Ñ f , Kfn

µ
Ñ f �}fn}p Ñ }f}p.

(2) efn
a.e.
Ñ f ½fn

µ
Ñ f , K}fn}p Ñ }f}p ô fn

Lp
Ñ f .

(1) A :“ t|fn ´ f | ą εu,

µpAq ď
1

εp

ż

X
|fn ´ f |

pIAdµ ď
1

εp
}fn ´ f}

p
p Ñ 0.

|}fn}p ´ }f}p| ď }fn ´ f}p Ñ 0:

}fn}p ď }f}p ` }fn ´ f}p, }f}p ď }fn}p ` }fn ´ f}p.
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(2) ð: X.

ñ: �fn
a.e.
Ñ f �}fn}p Ñ }f}p,  yfn

Lp
Ñ f .

d|a` b|p ď Cpp|a|
p ` |b|pq �

gn :“ Cpp|fn|
p ` |f |pq ´ |fn ´ f |

p ě 0.

gn
a.e.
Ñ 2Cp|f |

p, �fn
Lp
Ñ f :

ż

X
2Cp|f |

pdµ ď lim inf
nÑ8

ż

X
gndµ

“2Cp

ż

X
|f |pdµ´ lim sup

nÑ8

ż

X
|fn ´ f |

pdµ.

U��fn
a.e.
Ñ f . é?¿f�, �3Ùf�fn1

a.e.
Ñ f ,

u´}fn1 ´ f}p Ñ 0. Ïd}fn ´ f}p Ñ 0.
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1 ď p ă 8, fn
pwqLp
ÝÑ f

½Â3.3.1. �1 ă p ă 8. �f, f1, f2, ¨ ¨ ¨ P Lp. e

lim
nÑ8

ż

X
fngdµ “

ż

X
fgdµ, @g P Lq,

K¡tfnu 3Lp ¥fÂñ�f , P�fn
pwqLp
ÝÑ f .

½Â3.3.1(Y). �p “ 1 �pX,F , µq �σ k�ÿÝ�m. ˚˚,

K¡tfnu 3L1 ¥fÂñ�f , P�fn
pwqLp
ÝÑ f .

e

sup
tPT
}ft}p “: M ă 8,

K¡tft, t P T u 3Lp ¥k..
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½n (½n3.3.10)

�1 ă p ă 8, tfnu Ď Lp ��3M ¦�}fn}p ďM , @n.

efn
a.e.
Ñ f (½fn

µ
Ñ f), Kf P Lp �fn

pwqLp
ÝÑ f .

}f}p ďM :

ż

X
|f |pdµ ď lim inf

nÑ8

ż

X
|fn|

pdµ ďMp.

8I: @g P Lq,

� n ¿©��, |

ż

X
pfn ´ fqgdµ| ă ε.
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@g P Lq, -Ak :“ t 1

k ď |g|
q ď ku,

ż

X
pfn ´ fqgdµ “

ż

X
pfn ´ fqgIAk

dµ`

ż

X
pfn ´ fqgIAc

k
dµ.

@ε, Dk ¦�

|‹‹| ď }fn ´ f}p ¨ }gIAc
k
}q ď 2Mε, @n.

nd: dLDC,

ż

X
|g|qIAc

k
dµÑ

ż

X
|g|qIt|g|“0,8udµ “ 0.
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g P Lq ñ Dδ ą 0 ¦�:

e µpDq ă δ, K }gID}q ă ε.

µpAkq ă 8:

1

k
µpAkq ď

ż

X
|g|qIAk

dµ ď }g}qq.

u´, pAk, Ak XF , µq þ, fn
a.e.
Ñ f ñ fn

a.u.
Ñ f

:::::::
. Ïd,

DB Ď Ak ¦� µpAkzBq ă δ � fn
B
Ñ f.

:::::::::::::::::::::::::::::::::::::

Ïd, }gIAkzB}q ă ε. l,

|

ż

X
pfn ´ fqgIAkzBdµ| ă }fn ´ f}p ¨ }gIAkzB}q ď 2Mε.
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DB Ď Ak “ t
1
k ď |g|

q ď ku ¦� fn
B
Ñ f.

::::::::::::::::::::::::::::::::::::::

@ε̂ ą 0, DN ¦��n ě N �, sup
xPB

|fnpxq ´ fpxq| ă ε̂.

�ε̂ “ ε{pk
1
qµpAkqq. K

|

ż

X
pfn ´ fqgIBdµ| ď sup

xPB
|fnpxq ´ fpxq| ¨ k

1
qµpAkq ă ε.
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½n (½n3.3.11)

�f, f1, f2, ¨ ¨ ¨ P L1. Kp0q
piq
ñ p1q

piiq
ñ p2q

piiiq
ñ p3q.

(0) }fn} Ñ }f} �fn
a.e.
Ñ f (½fn

µ
Ñ f );

(1) fn
L1
Ñ f ; (2) fn

pwqL1
ÝÑ f ; (3)

ş

A fndµÑ
ş

A fdµ, @A P F .

y: (i) d½n3.3.9�.

(ii)
ˇ

ˇ

ş

X fngdµ´
ş

X fgdµ
ˇ

ˇ ď }g}8
ş

X |fn ´ f |dµÑ 0.

(iii) �g “ IA =�.

íØ3.3.12. �1 ď p ă 8. Kfn
Lp
Ñ f ñ fn

pwqLp
Ñ f .

y: p “ 1 X. �p ą 1. }fn}p ď }f}p ` 1, @n ě N , �

}fn}p ď max t}f1}p, ¨ ¨ ¨ , }fN}p, }f}p ` 1u “: M, @n.

d½n3.3.9 & 3.3.10 �(Ø¤á.
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§3.4 VÇ�m�È©

�pΩ,F , P q ´VÇ�m. f ´�ÅCþ(r.v.).

Ef “
ş

Ω fdP .

Lp “ LppΩ,F , P q.
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½n (½n3.4.2)

�0 ă s ă t ă 8. KLt Ď Ls. qes ě 1, K}f}s ď }f}t,

@f P Lt, ��Ò¤á��=�|f | a.s. �~ê.

�}f}t ă 8. �p :“ t
s , q :“ t

t´s . K

ż

X
|f |s ¨ 1dP ď }|f |s}p}1}q “ pE|f |

spq
1
p “

`

E|f |t
˘

1
p .

Ïd, }f}s ă 8. �Lt Ď Ls.

qes ě 1. K

}f}ss ď p}f}tq
t
p “ }f}st ñ }f}s ď }f}t.

�Ò¤á��=�α|f | “ β1, =|f | “ β
α a.s.
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�0 ă k ă 8, f P Lk, ¡Efk �f �k �Ý.

�k ě 1, f P Lk Ď L1. ¡Epf ´ Efqk �f �k �¥%Ý.

�f P L2. ¡Epf ´ Efq2 �f ���, P�varpfq.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE



 ±eb�tft, t P T u ´�xr.v..

½Â3.4.2. e@ε ą 0, Dλ ą 0 ¦�

E|ft|It|ft|ąλu ă ε, @t P T,

K¡tft, t P T u ���È.

½Â3.4.2(Y). e@ε ą 0, Dδ ą 0 ¦�@A P F ,

P pAq ă δ ñ E|ft|IA ă ε, @t P T.

K¡tft, t P T u ýéëY.
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½n (½n3.4.3)

���È iff ýéëY�3L1 ¥k..

ñ: �tft, t P T u ���È. K@A P F , λ ą 0,

E|ft|IA “E|ft|IAXt|ft|ďλu ` E|ft|IAXt|ft|ąλu

ďλP pAq ` E|ft|It|ft|ąλu.

�A “ X �Dλ ą 0 ¦�E|ft| ď λ` ε
2 , @t P T .

�δ “ ε
2λ . K�P pAq ă δ �, E|ft|IA ď ε, @t P T .

ð: λP p|ft| ą λq ď E|ft|It|ft|ąλu ď E|ft| ďM, @t P T .

�λ ą M
δ �, P p|ft| ą λq ď δ, � E|ft|It|ft|ąλu ď ε, @t P T .
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½n (½n3.4.5)

�0 ă p ă 8, tfnu Ď Lp �fn
P
Ñ f . Ke�`{�d:

(1) t|fn|
pu ���È; (2) fn

Lp
Ñ f ; (3) f P Lp �}fn}p Ñ }f}p.

 yp1q
piq
ñ p2q

X
ô p3q

piiq
ñ p1q.

(i). f P Lp: D f�fn1
a.s.
Ñ f .

E|f |p ď lim inf
nÑ8

E|fn|
pă 8, (t|fn|

pu 3L1 ¥k.).

fn
Lp
Ñ f :

E|fn ´ f |
p ďεp ` E|fn ´ f |

pIt|fn´f |ąεu

ďεp ` CpE|fn|
pIAn ` CpE|f |

pIAn .

(P pAnq Ñ 0, t|fn|
pu ýéëY.)
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(ii) Ún3.4.4. efn
P
Ñ f , K@0 ă p ă 8,

|fn|
pIt|fn|ďλu

P
Ñ |f |pIt|f |ďλu, @λ P CpF|f |q.

dk.Âñ½n, E‹ Ñ E‹.

q}fn}p Ñ }f}p, �

E|fn|
pIt|fn|ąλu Ñ E|f |pIt|f |ąλu, @λ P CpF|f |q.

@ε ą 0, Dλ0 P CpF|f |q ¦�E|f |pIt|f |ąλ0u ă
ε
2 . u´DN ¦�

E|fn|
pIt|fn|ąλ0u ă ε, @n ě N.

�λ ą λ0 ¦� max
1ďnďN

E|fn|
pIt|fn|ąλu ă ε =�.

5ÿÝØ6Ç���¡ ��ö: 4]!ÙE



 

Ún (Ún3.4.4)

efn
P
Ñ f , K@0 ă p ă 8,

|fn|
pIt|fn|ďλu

P
Ñ |f |pIt|f |ďλu, @λ P CpF|f |q.

Ø��fn, f ě 0: ||fn| ´ |f || ď |fn ´ f | ñ |fn|
P
Ñ |f |.

t|‹ ´ ‹| ą εu Ď An YBn,

An “ tfn ď λu∆tf ď λu,

Bn “ tfn, f ď λ � |fpn ´ fp| ą εu.

P pBnq Ñ 0:

x ÞÑ xp, x P r0, λs ��ëY. �Bn Ď t|fn ´ f | ą κε,λu.

P pAnq Ñ 0:

An Ď tλ´ δ ă f ď λ` δu Y t|fn ´ f | ě δu.
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